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ARTICLE INFO ABSTRACT

Keywords: A novel element subdivision method based on the binary tree has been proposed for evaluation of singular domain
BEM integrals in BEM. In this paper, this element subdivision technique is called the Binary-Tree Subdivision Method
Singular domain integral (BTSM), which is applicable to arbitrary shape linear and curved volume elements with arbitrary locations of the
C(_’minu_ous kernel source point. Compared to the Conventional Subdivision Method (CSM), a significant advantage of the BTSM is
Discontinuous kernel . . o . . . . .
Gaussian quadrature thaft it can 'handle sm.gular. domain integrals W}th contlflu.ous or dlscontmuou.s kernfel and improve the accuracy
Hammer-Stroud quadrature of integration even with distorted elements. With the distinct feature that a single binary-tree data structure can
efficiently handle volume element subdivision, it is flexible and convenient for the BTSM to be implemented in
the formulation of the boundary integral equation which contains volume integrals. In addition, for the volume
integrals with discontinuous kernel, an improved general projection algorithm based on Newton iteration has been
proposed for curved boundary matching. Experiment results have demonstrated that the volume element is always
subdivided by the BTSM in a fully automated manner and high-quality patch generation can be guaranteed in
any situation. Several examples are given to verify the validity, robustness and accuracy of the proposed method.

1. Introduction

With the distinct advantage that boundary integral formulations
have the ability to reduce the dimensionality of the linear and exterior
problems, the boundary element method (BEM) [1] has made consid-
erable achievements in many fields with both academic and engineer-
ing applications, such as potential problems [2,3], elastostatic problems
[4-6], fracture mechanics problems [7,8] and acoustics problems
[9,10]. However, the pure boundary integral formulations are not avail-
able in general. Owing to the absence of the fundamental solutions in
general nonlinear problems and problems in non-homogeneous media,
the fundamental solutions of simplified operators can be used with re-
sulting into the so-called boundary-domain formulations. In the pres-
ence of body forces, time dependent effects or certain class of non-
linearities, the resultant integral equation generally contains volume
integrals, such as the transient heat conduction problems [11], elas-
todynamic problems [12], elasto-plastic problems [13], etc. Then, the
specific domain of the original problem is generally required to be dis-
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cretized into internal cells because of unknown field variables involved
in domain integral integrands. How to accurately evaluate the volume
integrals has always been attracted much attention in the BEM commu-
nity.

In the efforts to improve the performance of the evaluation of volume
integrals, various numerical methods have been developed and achieved
considerable progress in BEM [14]. These methods for the treatment of
volume integrals are categorized into two main schemes: (i) converting
the volume integrals into boundary ones and some non-integral terms,
(ii) computing the volume integrals directly. The first way is concerned
with conversion of the volume integral into a boundary counterpart by
combining with various integral transformation techniques. In order to
avoid the use of the domain discretizetion, the dual reciprocity method
(DRM) has been coupled successfully to boundary integral formulations,
which is an approximate form of the particular integral approach by em-
ploying the boundary discretization and the radial basis function. As has
been demonstrated in [15], some internal points should be considered
in the DRM. The location of internal points can be selected arbitrarily,
but the shape or basis functions used for interpolation in the domain are
not arbitrary. These functions should have particular solutions and they
cannot be selected arbitrarily. It is worth mentioning that the accuracy
and efficiency of the DRM is more sensitive to the distribution and loca-
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(a)

Fig. 1. Adaptive mesh generation of mechanical CAD models: (a) irregular tetrahedral element, (b) all-hexahedral mesh.

tion of the domain points employed to approximate the source term. A
key difficulty for better distribution of the domain points is that it relies
on a fine domain mesh for distributing the domain points. In addition,
the radial integration method (RIM) [16] is another effective technique
for evaluating the volume integrals with boundary-only discretization,
in which the volume integral is converted into an equivalent boundary
integral through the use of straight-path integrals emanating from the
source point. On the other hand, another way is to compute the vol-
ume integrals directly with the domain discretizetion. The conventional
direct volume integration method (DVIM) was significantly better than
the DRM, which has been demonstrated numerically in [17]. Recently,
some successful improved methods for evaluation of volume integrals
based on the DVIM have been developed and implemented in the 3D
transient heat conduction problem [18]. Dong et al. [19] proposed a
coordinate transformation method called the (a, #, y) transformation,
which can be employed in the pyramidal patches for computation of
volume integrals.

The FEM and BEM both have made great achievements and achieved
remarkable progress in many fields with both academic and industrial
applications. The BTSM is both applicable to BEM and FEM. Due to the
existence of singularity in BEM, the BTSM is primarily proposed to eval-
uate the singular domain integrals in boundary integral formulations.
Owing to the absence of the fundamental solutions in BEM, the value
of the integrand varies precipitously around the source point. Whereas,
there is no singularity in the domain integrals of FEM in general. In order
to evaluate the singular domain integrals accurately, numerical results
obtained in BEM through the use of more integration points than that
in FEM. Thus, the BTSM for FEM is more efficient than those for BEM.
In FEM, application of the X-FEM to solve the fracture mechanics prob-
lems [20], singular shape functions are generally introduced to smooth
the singularity of the stress field at the crack tip. The BTSM is conve-
nient and applicable to evaluate this type of volume integrals in X-FEM.
To evaluate this type of volume integrals in X-FEM is also an extremely
important research issue. Moreover, an attractive key advantage of the
BTSM is that it can be both applicable to evaluate the volume integrals
for continuous and discontinuous elements. Note that the trial functions
are required to maintain at least C° continuity in FEM, which is not re-
quired for the BEM. One of the remarkable features between BEM and
FEM is that both continuous and discontinuous elements can be applied
in BEM. Discontinuous grids can provide more convenience for mesh
generation without considering the hanging points for its simplicity in
dealing with complex geometries.

Another important and attractive topic in the computational field of
BEM is to reduce the sensitivity of the integration results to the mesh
distortions. Nevertheless, it remains a challenging task to create a desir-
able mesh automatically in real applications. Note that a key difficulty
in mesh generation is to meet the connectivity requirements of the desir-
able mesh without any hanging points, which causes a great deal of work
for automatic meshing, such as the Delaunay triangulation-based ap-
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proach, the advancing-front-technique-based approach, the grid-based
method, the all-hexahedral mesh algorithm, and so forth. In addition,
a broad consensus has emerged in BEM that automatic mesh genera-
tion is still a bottleneck for complex geometries and high performance
computing in structural engineering. The quality of the resulting mesh
generation is crucial to the evaluation of volume integrals. However,
distorted or irregular elements are probably unavoidable in the pro-
cess of automatic meshing (see Fig. 1), which may result in the domain
discretizations with inferior approximation properties. An immediate
consequence of mesh distortion is leading to inaccurate or even invalid
computational analyses, especially for the integration in the BEM im-
plementation. Thus, accurate evaluation of the volume integrals with
distorted or irregular elements is a very significant research subject to
investigate in BEM.

In view of the direct computation method of the volume integrals,
each volume element is usually required to be subdivided into several
standard patches for which a established rule of the integration is avail-
able, then the numerical integration can be computed in the given patch.
Up to now, the main widely used element subdivision techniques are
the Conventional Subdivision Method (CSM) [21] (Fig. 2(a)), the Quad-
Tree Subdivision Method (QTSM) [22] (Fig. 2(b)), the Spherical Sub-
division Method (SSM) [23] (Fig. 2(c)) and other methods, but unfor-
tunately, none of them are perfect in terms of accuracy or robustness.
Many of these methods generate the hexahedral patches, the pentahe-
dral patches, the tetrahedral patches and the pyramid patches on the
entire element directly. For some irregular elements, lower quality or
even degenerated patches may be obtained by using the CSM or the
QTSM. The QTSM produces significant amounts of pleonastic patches
for integration through the use of the quad-tree data structure, which
leads to the complexity of calculation increasing. The SSM is a type of
three-dimensional advancing front technique by a sequence of spheres
of different sizes applied to volume element subdivision. Although the
SSM has been succeeded in overcoming the difficulties related to the
integration in BEM, it relies on a large quantity of segmentation tem-
plates and cannot guarantee successful element subdivision for some
situations.

In this paper, a new element subdivision method for evaluation of
the singular domain integrals is proposed, which is mainly based on
the new binary-tree data structure [24] and various cavity projection
algorithms. The contributions of the BTSM can be summarized in five
aspects: (i) A scheme of the BTSM is proposed to evaluate singular do-
main integrals with continuous or discontinuous kernels. (ii) The BTSM
is applicable to linear and curved volume elements of arbitrary shape
and automatic high-quality patch generation can be guaranteed under
any circumstances. (iii) The BTSM is both applicable to evaluate the vol-
ume integrals for continuous and discontinuous elements. (iv) Even with
the distorted or irregular volume elements, the BTSM can exhibit high
accuracy and excellent robustness behavior. (v) The current approach is
more convenient and invariably achievable to implement without any
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Fig. 2. Various element subdivision methods for singular domain integrals: (a) conventional subdivision method, (b) quad-tree subdivision method, (c) spherical

element subdivision method.

segmentation templates by the single binary-tree data structure and the
cavity projection algorithms.

This paper is organized as follows. Section 2 describes the main ideas
of the BTSM for singular domain integrals with continuous or discontin-
uous kernel. Section 3 introduces the binary-tree subdivision scheme
for volume elements with arbitrary shape. Construction of many differ-
ent types of the valid core cavities for various situations is discussed
Section 4. Detailed description of the cavity projection algorithms for
both linear and curved volume elements are presented in Section 5. Nu-
merical results for different kinds of volume elements with various po-
sitions of the source point are shown in Section 6 and conclusions are
given in Section 7.

2. Overview of the BTSM for singular domain integrals

In BEM formulations, the integrands of the volume integrals are gen-
erally classified into two primary kinds: continuous function and discon-
tinuous function. A graphical illustration of the integrand of the volume
integrals is provided in Fig. 3. Singular domain integrals arise when
the point locates inside or directly on the boundary of element. If the
integrand of the volume integrals is infinite at some points, the inte-
gral is singular. For the transient heat conduction problem based on
the time-dependent fundamental solution, while the integral kernel is a
regular continuous function everywhere defined on the domain Q, the
value of the integrand varies precipitously around the source point or
when a small time step is used. For the fundamental solution of elastody-
namic problems and electromagnetic field analysis, the integral kernel
is discontinuous at some points (denoted as the discontinuous points),
it is unavailable to evaluate the volume integrals accurately using a
straightforward calculation based on the classical Gaussian quadrature
or Hammer-Stroud quadrature [25]. Consider an arbitrary domain Q,
the volume integral involved in the three-dimensional problems can be
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Fig. 3. The integrand of the volume integrals: (a) the continuous function, (b)
the discontinuous function.
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expressed as

I(P) = /Qf(P, Q)W Q)dQ (O]

where the notations P and Q are the source point and the field point
in Q, respectively. The functions f(P, Q) and W(Q) are respectively the
integral kernel and the arbitrary distributed function. Unless otherwise
mentioned, the non-mesh source points mainly refer to the nodes in the
continuous and discontinuous elements in BEM.

In numerical simulation, the physical space is discretized into small
volumes and the partial differential equations integrated over each of
these volume elements. The initial volume elements in BTSM primar-
ily refer to the unstructured meshes, such as the hexahedral, pentahe-
dral and tetrahedral elements. For each prescribed volume element, the
BTSM is then subdivided in the local coordinate system of the element.
To illustrate the BTSM more clearly, the main ideas of this method for
evaluating singular domain integrals are graphically illustrated in Fig. 4
in two dimensions. The BTSM implementation for singular domain inte-
grals is a generalization of the algorithm for the two-dimensional case.
As is shown in Fig. 5, the algorithm of the BTSM takes a hexahedral
element from the thin sections of a 3-D solid model as the input and
outputs the ultimate well-shaped patches result automatically, and it
mainly involves the following four steps. The first step is determination
of the subdivision parameters (the subdivision ratio and the minimum
subdivision size) for the prescribed volume element and relative position
of the source point. Then, the binary-tree subdivision scheme for auto-
matic volume element subdivision is executed, which includes the vol-
ume element subdivision rules, a new type of the binary-tree data struc-
ture and the volume element subdivision techniques. Next, the valid
core cavities for projection, which are depicted with a group of purple
lines in Fig. 4, are required to be constructed by removing all the un-
desired sub-elements including the interior sub-elements and the strad-
dling sub-elements. The final step is to match the core projection cavities
in an out-inside manner through the cavity faces projection process. To
match the core cavities to the characteristic boundary of the sphere for
high-quality patches generation, two comprehensive techniques are em-
ployed: a radial cavity projection algorithm and a general cavity projec-
tion algorithm. For curved volume elements, an improved general cavity
projection algorithm based on Newton iteration for matching the target
projection points on the curved boundary of element is also proposed.

In order to eliminate the singularity of the volume integrals, the ul-
timate patches around the source point are required to pass through
it. For the volume integrals with continuous kernel, a sphere with a
smaller radius that is adopted to generate serendipity patches, in which
the sphere is enclosed by the boundary of volume element to avoid deal-
ing with various complicated situations. For the volume integrals with
discontinuous kernel, the specific domain is naturally divided into two
sub-regions for integration by a sphere with a radius of r, based on
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Fig. 4. The main ideas of the BTSM with arbitrary locations of the source point: (a) inside, (b) on the boundary, and (c) at vertices.
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Fig. 5. Overall procedure of the patch generation process based on the BTSM:
(a) a hexahedral element from the thin sections of a 3-D solid model, (b) ultimate
refinement structure, (c) the outer cavity construction and relative projection
points, (d) the inner cavity construction and relative projection points, (e) (f)
the high-quality projection sub-elements, (g) the resulting patch generation.

its discontinuities. Here, the radius ry named the characteristic radius,
which represents the distance from the source point to the discontinu-
ous point. The differences between the evaluation of singular domain
integrals with continuous and discontinuous kernel in the BTSM imple-
mentation, are fully discussed in the valid core projection cavities con-
struction algorithm and the projection algorithm for matching the core
cavities to the characteristic boundary of the sphere.
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3. The binary-tree subdivision scheme

We provide an outline of the binary-tree subdivision scheme which
includes the element subdivision criterions, details of tree data structure
and adaptive refinement techniques.

3.1. Element subdivision criterions

The binary-tree subdivision scheme is similar to other spatial decom-
position methods, which was originally used to approximate the geomet-
ric shape of arbitrary complicated solid model. One of the remarkable
features of this approach is that automatic element subdivision can be
flexibly achieved due to the characteristics of the binary tree-based level
structure in recursive decomposition. In the BTSM implementation, the
initial root node is similar in shape to the original volume element and
it obviously can be subdivided into two children sub-elements. Each
sub-element is then examined by the element subdivision criterion to
determine whether further decomposition is required to be executed.
The decomposition process is recursively continued until all remaining
sub-elements meet the specific subdivision criterion. It should be noted
that the element subdivision criterion for singular domain integrals is
different from that for nearly singular domain integrals. As is depicted
in Fig. 6, the element subdivision criterion is graphically explained by
the two-dimensional and three-dimensional schematic descriptions, re-
spectively.

For singular domain integrals, the element subdivision criterions are
based on both the subdivision ratio # and the minimum subdivision size
e. The subdivision ratio 5 is defined as the ratio of circumradius [ of
sub-element to the distance d between the source point P and geometric
center O of sub-element, i.e. # = I/d. The minimum subdivision size &
is used to avoid the infinite loop and the propagation problem of re-
finement patches around the source point can be controlled effectively.
The subdivision criteria of the binary-tree subdivision scheme for sin-
gular domain integrals are given by (1) 5 < NRefs (2) I < €. As has been
demonstrated in [26], the reference subdivision ratio 7,y is set to about
1.0 in general. For the volume integrals with discontinuous kernel, the
minimum subdivision size ¢ is equal to the characteristic radius r. For
the volume integrals with continuous kernel, the sphere with a minor
radius ¢ is taken, which is entirely surrounded by the boundary of pre-
scribed volume element. The parameter ¢ is « times of the characteristic
radius R;, i.e. e=aR,, where « = 0.6 ~ 0.8. A schematic description of re-
lated parameters of the characteristic radius R, is graphically depicted in
Fig. 6(c). The parameters d;, d,, d3 denote the minimum distances from
the source point P to the boundary vertices, edges, faces of the given el-
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Fig. 6. The element subdivision criterion: (a) a three-dimensional graphical il-
lustration of the subdivision criterion, (b) a two-dimensional schematic of the
subdivision criterion, (c) schematic of the minimum distances from the source
point to the boundary vertices, edges, faces of element.

ement, respectively. The characteristic radius R, is the minimum value
of these three parameters, i.e. R, = min (d;,d,,d3). The volume element
is divided into a certain number of children sub-elements after levels
of full-refinement according to the subdivision criterion. Then the gen-
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erated core element subdivision structure is established. Flowchart in
Fig. 7 elaborates the binary-tree subdivision scheme for singular domain
integrals.

3.2. A new type of data structure for binary-tree element subdivision

A new type of the binary-tree data structure for volume element sub-
division is employed in the BTSM for evaluation of singular domain in-
tegrals. Each binary-tree data structure contains the following groups of
nodes:

» Root node: the topmost node in the binary tree-based level structure,
which is the starting node for the conduction of other later opera-
tions;

« Internal nodes: each internal node has a parent and at least one child;

+ Leaf nodes: each leaf node only has a parent without any children.

The binary-tree data structure for volume element subdivision is
made up of edges, faces and bodies of sub-elements. Similarly, each bi-
nary tree for edges, faces and bodies of sub-elements has a group of
nodes, in which each node has a value and a list of references to other
nodes. It should be noted that there is a distinction between the binary
tree for faces and the binary tree for edges or bodies of sub-elements.
The conventional face-tree data structure is not suitable for volume ele-
ment subdivision, which is restricted by the conformity requirements of
the children faces on both sides of their parent face in the conventional
binary tree data structure. The binary-tree subdivision scheme cannot
be conducted continuously with the conventional face-tree data struc-
ture. However, the conformity requirement for faces of sub-elements is
unnecessary during the volume element subdivision. Hence, a new type
of face-tree data structure is proposed for volume element subdivision.
As is illustrated in Fig. 8, the children faces on both sides of their parent
face can be different, which are named the independent twin children
faces in the face-tree data structure. Since there are no gaps between the

( Start )

Volume Element

Subdivision Parameters Setting

YES

Ultimate Subdivision
Sub—elements

End

[
»

Binarv—tree Subdivision

Initial Subdivision
sub—elements

Fig. 7. Flow diagram of the binary-tree subdivision scheme.
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(a) (b)

Fig. 8. Schematic of the children faces between adjacent sub-elements: (a) a
quadrilateral face tree node, (b) a triangular face tree node.

\

N

AN

(a) Type 1 (b) Type 2 (c) Type 3

Fig. 9. Three basic types of face configuration for the face-tree data structure.
(a) Type 1 (b) Type 2 (c) Type 3.

independent twin children faces of adjacent sub-elements in the local
coordinate system, it will not affect the calculation of singular domain
integrals.

In the process of recursive element subdivision, each face of the sub-
element can be subdivided into two same or different sub-faces on its
both sides according to the split direction. As is depicted in Fig. 9, three
basic types of face configurations are established based on various vol-
ume element subdivision techniques. These face configurations can be
classified into two categories. The first category has only one way of
the decomposition for quadrilateral faces; that is, quadrilateral decom-
position is carried out by dividing the quadrilateral face in the central
direction (see Type 1). The second category has two possible subdivi-
sions of a triangular face, including Types 2 and 3. Type 2 indicates
that a triangular face can be subdivided into two equal-sized children
faces. Type 3 represents that the triangular decomposition can be con-
ducted by splitting the triangular face into a triangular children face
and a quadrilateral children face. Combined with these face configura-
tion techniques, it is flexible and convenient for the BTSM to handle
arbitrary volume element subdivision in a fully automated manner.

3.3. Adaptive refinement techniques
The variety of the volume elements includes hexahedral elements,

pentahedral elements and tetrahedral elements. A set of adaptive re-
finement techniques in Fig. 10 is created to achieve the best qualified

Engineering Analysis with Boundary Elements 116 (2020) 14-30
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Fig. 10. A set of adaptive refinement templates.

subdivision based on the geometric features of the prescribed volume
element. A hexahedral element can be subdivided into two equal-sized
hexahedral sub-elements. The decomposition of a slender pentahedral
element is carried out by dividing all round the slender quadrilateral
faces and produces two pentahedral sub-elements. Similarly, the decom-
position of a slender tetrahedral element is conducted by dividing all
round the slender triangular faces and generates two tetrahedral sub-
elements. For a regular pentahedral element, the decomposition is car-
ried out by dividing both the top and bottom triangular faces along the
midline and produces two pentahedral sub-elements. For a regular tetra-
hedral element, the decomposition is carried out by dividing two adja-
cent triangular faces along the midline and generates two tetrahedral
sub-elements. It should be noted that the BTSM is implemented by the
local coordinate system; that is, there is no need to employ any templates
for the harmonious transition between the sub-elements in refinement
regions and those in non-refinement regions. With the addition of these
adaptive refinement techniques, several examples for different types of
volume elements in Fig. 11 graphically demonstrate the feasibility and
advantages of the binary-tree subdivision scheme.

4. Construction of the jagged core projection cavity

Section 4 illustrates the overall procedure of the valid projection cav-
ities construction process. Detailed description of the jagged core cavity
construction algorithm is described in Section 4.1. For the volume in-
tegrals with discontinuous kernel, if the sphere with larger radius that
intersect with the boundary of volume element, the point insertion al-
gorithm for inner cavity construction is proposed in Section 4.2.

A

(c) Subdivision of a slender pentahedral element

Fig. 11. Several examples of the binary-tree subdivision scheme. (a) Subdivision of a slender hexahedral element . (b) Subdivision of a slender tetrahedral element.

(c) Subdivision of a slender pentahedral element.
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Fig. 12. Overall procedure of the invalid jagged core projection cavity construction: (a) ultimate refinement structure, (b) the straddling sub-elements, (c) (d) the
invalid outer cavity construction and relative projection points, (e) the patches around the sphere with projection interference, (f) the partial enlarged view of the

projection interference.

4.1. The jagged core cavity construction algorithm

In order to eliminate the singularity of the volume integrals, the
patches around the source point are required to pass through it. Con-
struction of the valid jagged core projection cavities is an indispensable
part for ultimate patch generation. This process is carried out through
undesired sub-elements elimination and free face extraction. The jagged
core refinement structure is generated by eliminating the sub-elements
that are not entirely in the exterior of the sphere. The faces of the sub-
elements are divided into two groups by the number of attached ele-
ments, viz., singly defined and doubly defined faces [27]. The singly
defined and doubly defined faces are recognized as free and interior
faces, respectively. In this way, free faces of the straddling sub-elements
that bonded with the exterior sub-elements can be easily extracted and
collected to construct the outer projection cavity. However, there is a
surface-gap between the outer projection cavity and the spherical sur-
face. A layer of new patches named outer projection patches are required
to be generated to fill the surface-gap by projecting the faces of the outer
projection cavity. Then, free faces of the outer projection patches are
taken as the components of the inner cavity. The new patches named
inner projection patches are further created by directly connecting the
source point and corresponding points on the inner cavity faces. The re-
sulting patch generation after filling the surface-gap and the void spaces
of the sphere is shown in Fig. 13(f).

Since the characteristic of non-conformity between the sub-elements
in the refinement structure, it might not be acceptable for the valid
jagged core projection cavities construction. The sub-elements in the
vicinity of spherical surface are fully refined with different levels. As
such, the continuity of the cavity faces cannot be ensured, which leads
to the projection interference between outer projection patches (see
Fig. 12(e)). In this situation, the sub-elements around the spherical sur-
face whose one edge is a straddling node, are required to be balanced in
the same level. As is shown in Fig. 13, valid jagged core projection cavi-
ties can be constructed for inner and outer projection patches generation
based on the balanced process.

4.2. The point insertion algorithm for cavity construction

Construction of the outer projection cavity is followed by the re-
moval process of interior sub-elements and straddling sub-elements.

20

(@)

(b)

®

Fig. 13. Overall procedure of the valid jagged core projection cavities construc-
tion: (a) the balanced refinement structure, (b) the straddling sub-elements, (c)
the valid projection cavity construction, (d) the projection cavities and rela-
tive projection points, (e) the high-quality projection sub-elements around the
sphere, (f) the resulting patch generation.

This removal process is conducted by enclosing the spherical surface
and taking regular faces as the cavity faces. For the volume integrals
with discontinuous kernel, the sphere intersects the boundary of volume
element if a larger radius is taken. It is unenforceable to construct any
enclosing outer projection cavity only by regular faces in some cases.
An adaptive virtual cavity face zoning algorithm has been successfully
implemented for the valid outer projection cavity construction. Fig. 14
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Fig. 14. Schematic of the virtual cavity face
zoning algorithm for outer cavity construc-
tion: (a) ultimate refinement structure, (b)
the outer cavity construction, (c) relative pro-
jection points, (d) the high-quality projection
sub-elements around the sphere.

(d)

(b)

®

Fig. 15. Overall procedure of the point insertion algorithm for inner cavity construction: (a) the balanced refinement structure and the straddling sub-elements,
(b)(c) the outer projection cavity and relative projection points, (d)(e) the inner projection cavity and relative projection points, (f) the resulting patch generation.

shows the procedure of the outer projection cavity construction pro-
cess using the virtual cavity face zoning algorithm. More details of this
algorithm can be available in [26]. In addition, the interior boundary
intersection parts are also considered as the components of the inner
projection cavity. However, due to the complexity of the intersection
between the spherical surface and the boundary of element, the interior
boundary intersection part is usually a polygon region on each root face.
The point insertion algorithm for inner cavity construction is proposed
to decompose the polygon region into regular cavity faces.

The point insertion algorithm for inner cavity construction is carried
out through the following techniques (see Fig. 15):

(1) Construct the valid outer projection cavity and generate outer pro-
jection patches for boundary matching;

(2) Collect the projection points of the outer projection cavity faces and
form the interior boundary intersection polygons on each root face;

(3) Compute the center of every polygon region and insert a center point
in the polygon loop;

(4) By directly connecting the center point and the projection points in
the polygon loop, triangulation of an arbitrary set of points can be
constructed in a purely sequential manner;

21

(5) Pick up the free faces of the outer projection patches and triangular
faces in the interior boundary intersection region as the components
of the inner cavity.

5. Boundary matching of the projection cavity

More implementation details of the boundary matching of the pro-
jection cavities will be given in this section. Two comprehensive tech-
niques are employed to match the core projection cavities to the charac-
teristic boundary of sphere, i.e., the radial cavity projection algorithm
and the improved general cavity projection algorithm. For curved vol-
ume elements, an improved general cavity projection algorithm based
on Newton iteration for matching the target projection points on the
curved boundary of element is also proposed.

5.1. The radial cavity projection algorithm

Since the jagged core projection cavities from the previous steps are
composed of rugged shaped faces of sub-elements that do not follow
the shape of the spherical surface, every point on the projection cavity
faces is enforced to move to the characteristic boundary of sphere. If



J. Zhang, B. Chi and K.M. Singh et al.

]
i

(b)

(®

Fig. 16. Overall procedure of the radial cavity projection algorithm for pro-
jection: (a) ultimate refinement structure, (b) the straddling sub-elements, (c)
the valid projection cavities and relative projection points, (d) the high-quality
projection sub-elements around the sphere, (e) the resulting patch generation.

a smaller radius of the sphere is taken, the boundary of spherical sur-
face is entirely surrounded by the outer and inner projection cavities. As
mentioned, the projection cavities are composed of triangular or quadri-
lateral faces. New patches are generated layer by layer by projecting the
cavity faces along the radial direction to fill the surface-gap and the in-
terior void spaces. As is shown in Fig. 16, the newly generated patches
around the spherical surface can be classified into hexahedral, penta-
hedral, tetrahedral or pyramidal patches. In the BTSM implementation,
we adopt the classical Gauss quadrature for hexahedral and pyramid
patches. The Hammer-Stroud quadrature rules are employed for the in-
tegration of tetrahedral patches. More details of the proper quadrature
rules for symplectic domains can be available in [28].

5.2. An improved general cavity projection algorithm

For the volume integrals with discontinuous kernel, there is an in-
tersection region between the spherical surface and the boundary of
element if a larger radius of the sphere is taken. How to match the
projection points to fill the surface-gap appropriately is of crucial im-
portance for ultimate patch generation. The general cavity projection
algorithm has been successfully applied to the evaluation of nearly sin-
gular domain integrals, which is determined by the location types of
cavity points and the number of cavity root faces in vicinity of the can-
didate cavity point. Note that there are some differences in the BTSM
implementation for singular domain integrals. An improved general pro-
jection algorithm for both linear and curved elements is proposed on the
basis of literature [26].

According to [26], the points in the ultimate refinement structure can
be categorized into four types: corner points, frame points, boundary points
and interior points. Several boundary matching types in Fig. 17 have been
established based on the situation where the cavity points fall on vari-
ous locations of element. The projection source point labeled P’ indicates
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Fig. 17. Schematic of the improved general projection algorithm: (a) projection
of the interior point, (b, ) projection of the boundary point whose adjacent cavity
faces do not locate on any root face, (b,) projection of the boundary point that
belongs to multiple boundary cavity faces, (c;)(c,)(c3) projection of the corner
point whose adjacent cavity faces belong to one, two or three root faces, re-
spectively, (d,) projection of the frame point whose adjacent cavity faces do not
locate on any root face, (d,)(d;) projection of the frame point whose adjacent
cavity faces belong to a single or two root faces, respectively.

that the point which is closed to the source point P on the boundary of
element. The point labeled A’ is defined as the target projection point,
which is obtained by projecting the cavity point Aalong the specified
direction P’A to the characteristic boundary of sphere. The faces with
purple lines are marked as a part of the cavity faces related to the can-
didate cavity point. For cases of the interior point or the boundary point
that belongs to multiple cavity faces (see (a) and (b,) in Fig. 17), and
the corner point or the frame point whose adjacent cavity faces belong
to all the root faces around the point (see (c3) and (d3) in Fig. 17), the
target projection point A’ is projected onto the characteristic boundary
of sphere along the radial direction. For cases of the corner point whose
adjacent cavity faces belong to a single root face (Fig. 17(c,)), and the
frame point whose adjacent cavity faces do not locate on any root face
(Fig. 17(dy)), the target projection point A’ is projected onto the char-
acteristic boundary of sphere along the root edge which is not adjacent
to any cavity faces. For cases of the boundary point whose adjacent cav-
ity faces do not locate on any root face (Fig. 17(b,)), the corner point
whose adjacent cavity faces belong to two root faces (Fig. 17(c,)), and
the frame point whose adjacent cavity faces belong to a single cavity
root face (Fig. 17(d,)), the target projection point A’ is projected onto
the characteristic boundary of sphere along the root face which is not
coplanar with any cavity faces. After the projection of all cavity faces,
the new layer of patches in the vicinity of spherical surfaces should be
converted into well-shaped serendipity patches in order to approximate
the spherical surface better and eliminate the gap between the sphere
and the projection patches. An example of the improved general cav-
ity projection algorithm for the projection of cavity points is depicted
graphically in Fig. 18.
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For boundary matching of the curved volume elements,
the main dilemma is to accurately match the projection points on
the curved boundary of element using the general projection algorithm.
An improved general projection algorithm has been developed for
curved elements based on the Newton iteration [29]. The proposed
algorithm has the advantages of simplicity, feasibility and less itera-
tion. Detailed illustration of the improved general cavity projection
algorithm using Newton iteration is presented in Fig. 19.

The curved face ABCD is a root face of the prescribed volume el-
ement. If there are some cavity points along the boundary root edges
of ABCD. The essence of the issue is to get the target projection points
of the cavity points not only on the curved face ABCD but also on the
spherical surface. The objective function of Newton iteration is defined
by the intersection of a quadratic curve and the spherical surface, which
can be expressed as

F()=|C(H)~ 0> - R? @
and the iterative sequence is given by

(le() - o]~ R)|c() - o
Ty =10 — &)

(C(t) = 0) - C'(1)

where C(t) is an arbitrary point on the quadratic curve, R is the radius
of sphere, O is the center point of sphere, |C(t) — O| denotes the dis-

(b)
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- Fig. 18. Overall procedure of the improved
general cavity projection algorithm: (a) ulti-
mate refinement structure and the straddling
sub-elements, (b) the outer projection cavity,
(c) relative projection points of the outer pro-
jection cavity using the improved general cav-
ity projection algorithm, (d) the inner projec-
tion cavity construction using the point inser-
tion algorithm, (e) relative projection points
of the inner projection cavity, (f) the resulting
patch generation.

()

e 1

Fig.19. The improved general projection algo-
rithm based on the Newton iteration: (a) match
the projection points on the curved boundary of
element, (b) schematic of the Newton iteration
for projection.

tance from the point C(t) to the center O, t; and t; , 1 are the parametric
coordinates in steps k and k + 1, respectively.

For the projection of the cavity point A, we should first create a
quadratic curve AM P’ on the curved boundary face. The arbitrary point
M on the curved boundary face is interpolated by A and P’. The objec-
tive function is minimized to obtain the accurate intersection point, viz.,
the target projection point A’ in Fig. 19. Thus, a complex intersection
problem is converted to the intersection between a quadratic curve and
the boundary of spherical surface. An example in Fig. 20 illustrates the
feasibility and advantages of this projection algorithm.

6. Numerical examples

In order to examine the applicability and stability of the BTSM for
singular domain integrals, the element subdivision process was carried
out for different types of elements. A comparison of the BTSM and the
CSM for evaluation of singular domain integrals is given in this sec-
tion. The convergence performance of the BTSM is demonstrated in
Section 6.1. Several examples of different types of linear and curved
elements are employed to verify the availability that the BTSM is appli-
cable to evaluate the volume integrals with continuous or discontinuous
kernels in Section 6.2 and Section 6.3, respectively. The continuous ker-
nel and discontinuous kernel employed in the volume integrals can be
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respectively expressed as

I = /Q L Nao @)
1
I {/Q FNdQ r<02 )
fQ mNdQ r>02

and the accuracy of the method is measured by using a relative error

Iy =L

5= (©6)

Iy

where r is the distance from the source point to the field point, N is
the arbitrary distributed function, ),y denote the numerical and the
exact results of singular domain integrals, respectively. The continuous
and discontinuous kernels in Eqgs. (4) and (5) are depicted graphically
in Fig. 21.

6.1. Evaluation of convergence performance of the BTSM

To demonstrate the convergence performance of the proposed
method, three examples for adaptive element subdivision created with
the BTSM are provided. For the prescribed source point, the ultimate
patch generation for singular domain integrals is unique. Different num-
ber of the integration points is employed to achieve the volume integrals
with high accuracy. A comparison of convergence of the BTSM and the
CSM for evaluation of singular domain integrals is also given.
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Fig. 20. Overall procedure of the improved
general cavity projection algorithm for pro-
jection based on the Newton iteration: (a)
ultimate refinement structure and the strad-
dling sub-elements, (b) the outer projection
cavity, (c) curved boundary matching based
on the Newton iteration, (d)(e) the projec-
tion cavities and relative projection points,
(f) the resulting patch generation.

(e)

6.1.1. Slender hexahedral element

The element subdivision of linear slender hexahedral element with
the prescribed source point for singular domain integrals with continu-
ous kernel in Eq. (4) is presented in Fig. 22. Unless otherwise mentioned,
point coordinates of the linear slender hexahedral element in the Carte-
sian coordinate system are (1, 0, 0), (1, 0, 5), (1, 1, 5), (1, 1, 0), (O, O,
0), (0, 0, 5), (0, 1, 5), (0, 1, 0). Numerical results in Table 1 clearly show
the high accuracy of the BTSM compared to the CSM.

6.1.2. Slender tetrahedral element

The element subdivision of linear slender tetrahedral element with
the prescribed source point is presented in Fig. 23 for singular domain
integrals with continuous kernel in Eq. (4). Unless otherwise mentioned,
point coordinates of the linear slender tetrahedral element in the Carte-
sian coordinate system are (-3, -3, -3), (0, 1, 0), (0, 0, 1), (1, O, 0).
Numerical results in Table 2 clearly show the high accuracy of the BTSM
compared to the CSM.

6.1.3. Slender pentahedral element

The element subdivision of linear slender pentahedral element with
the prescribed source point is presented in Fig. 24 for singular domain
integrals with continuous kernel in Eq. (4). Unless otherwise mentioned,
point coordinates of the linear slender pentahedral element in the Carte-
sian coordinate system are (0, 0.25, 0), (0, 0, 0), (0.25, 0, 0), (0, 1, 5),
(0, 0, 5), (1, 0, 5). Numerical results in Table 3 clearly show the high
accuracy of the BTSM compared to the CSM.
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Fig. 22. The Cartesian coordinate of source point is (0.625, 0.375, 3.75).

Table 1

Numerical evaluation of singular domain integrals with continuous kernel for linear slender hexahedral element.

0.3

Volume element type Source point

The total number of the integration points

Relative error

CSM BTSM CSM BTSM
Linear slender (0.625, 0.375, 3.75) 1296 898 8.62e-002 1.79e-003
hexahedral element 2058 1786 2.36e-002 1.87e-004

4374 3954 3.95e-003 2.07e-005

Table 2
Numerical evaluation of singular domain integrals with continuous kernel for linear slender tetrahedral element.

Fig. 23. The Cartesian coordinate of source
point is (-2.5, —2.5, —2.5).

Volume element type Source point

The total number of the integration points

Relative error

CSM BTSM CSM BTSM
Linear slender (=2.5, =2.5, -2.5) 1372 936 7.83e-002 9.65e-003
tetrahedral element 2916 2219 4.77e-002 8.95e-004

4000 3380 1.62e-003 4.25e-005
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Fig. 24. The Cartesian coordinate of source
point is (0.3125, 0. 3125, 2.5).
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Numerical evaluation of singular domain integrals with continuous kernel for linear slender pentahedral element.

The total number of the integration points

Relative error

Volume element type Source point

CSM BTSM CSM BTSM
Linear slender pentahedral (0.3125, 0. 3125, 2.5) 1458 1008 9.61e-002 9.29e-003
element 3456 3119 6.19e-002 1.01e-005

4394 3283 2.67e-003 2.31e-006

Table 4

=

Fig. 25. The Cartesian coordinate of source

Fig. 26. The Cartesian coordinate of source
point is (-0.6, —2.21, 0.375).

7

T

i
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Numerical evaluation of singular domain integrals with continuous kernel for linear slender hexahedral element.

The total number of the integration points

Relative error

Volume element type Source point

CSM BTSM CSM BTSM
Linear slender (0.875, 0.125, 1.25) 3072 3024 6.58e-002 3.06e-005
hexahedral element (0.5, 0.5, 2.5) 4374 3436 3.32e-002 6.01e-005
(0.625, 0.375, 3.75) 4374 3954 3.95e-003 2.07e-005
(0.5, 0.5, 5.0) 1715 1798 1.50e-003 6.25e-005
Table 5
Numerical evaluation of singular domain integrals with continuous kernel for quadratic slender hexahedral element.
The total number of the integration points Relative error
Volume element type Source point
CSM BTSM CSM BTSM
Quadratic slender (-1.9, -1.9, 0.125) 3072 3068 7.33e-002 1.95e-005
hexahedral element (-1.04, -1.78, 0.5) 4374 3316 3.33e-002 5.78e-005
(-0.6, —2.21, 0.375) 3072 2970 2.64e-002 7.65e-006
(0.0, -2.17, 0.5) 1715 1774 3.74e-003 1.92e-005

6.2. Evaluation of singular domain integrals with continuous kernel

6.2.1. Slender hexahedral element

The element subdivision of linear and quadratic slender hexahedral
element with arbitrary locations of the source point for singular domain
integrals with continuous kernel is presented in Figs. 25 and 26. Unless
otherwise mentioned, point coordinates of the quadratic slender hexa-
hedral element in the Cartesian coordinate system are (1, 0, 0), (1, O,
5),(,1,5), 1,1, 0), (0, 0, 0), (0,0, 5), (0, 1, 5), (0, 1, 0), (0.5, 0, 2.5),
@1, 0.5, 5), (0.5, 1, 2.5), (1, 0.5, 0), (0.5, 0, 2.5), (0, 0.5, 5), (0.5, 1,
2.5), (0, 0.5, 0), (0.5, 0, 0), (0.5, 0, 5), (0.5, 1, 5), (0.5, 1, 0). Numerical
results in Tables 4 and 5 clearly show the high accuracy of the BTSM
compared to the CSM.

6.2.2. Slender tetrahedral element

The element subdivision of linear and quadratic slender tetrahedral
element with arbitrary locations of the source point is presented in
Figs. 27 and 28 for singular domain integrals with continuous kernel.

26

Unless otherwise mentioned, point coordinates of the quadratic slen-
der tetrahedral element in the Cartesian coordinate system are (-3, —3,
-3), (0, 1, 0), (0, 0, 1), (1, 0, 0), (0.5, -1, —1.5), (-0.5, 1.5, -1), (O,
-1.5, -1.5), (0, 0.5, 0.5), (0.5, 0, 0.5), (0.5, 0.5, 0). Numerical results
in Tables 6 and 7 clearly show the high accuracy of the BTSM compared
to the CSM.

6.2.3. Slender pentahedral element

The element subdivision of linear and quadratic slender pentahe-
dral element with arbitrary locations of the source point is presented in
Figs. 29 and 30 for singular domain integrals with continuous kernel.
Unless otherwise mentioned, point coordinates of the quadratic slender
pentahedral element in the Cartesian coordinate system are (0, 0.25, 0),
(0, 0,0), (0.25,0,0), (0,1, 5),(0,0,5),(1,0,5), (0,0.125, 0), (0.125, 0,
0), (0.125, 0.125, 0), (0, 0.5, 5), (0.5, 0, 5), (0.5, 0.5, 5), (1, 0.625, 2.5),
(1, 0, 2.5), (1.625, 0, 2.5). Numerical results in Tables 8 and 9 clearly
show the high accuracy of the BTSM compared to the CSM.
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Fig. 27.

The Cartesian coordinate of source

point is (-0.5, 0.5, —0.5).

Fig. 28. The Cartesian coordinate of source

point is (2.0, —2.5, —2.5).

Numerical evaluation of singular domain integrals with continuous kernel for linear slender tetrahedral element.

Volume element type

Source point

The total number of the integration points

Relative error

CSM BTSM CSM BTSM
Linear slender (-2.5, -2.5, -2.5) 4000 3380 1.62e-003 4.25e-005
tetrahedral element (-2.0, -2.0, -2.0) 4000 3589 6.25e-002 4.59e-005
(-0.5, -0.5, -0.5) 4000 3583 2.12e-002 7.66e-005
(2.4, -2.3, -2.3) 2187 1352 9.26e-002 3.15e-004
Table 7
Numerical evaluation of singular domain integrals for quadratic slender tetrahedral element.
The total number of the integration points Relative error
Volume element type Source point
CSM BTSM CSM BTSM
Quadratic slender (-2.0, =2.5, -2.5) 4000 3602 6.47e-002 3.72e-005
tetrahedral element (-1.16, -2.0, -2.0) 4000 3372 3.05e-002 1.48e-005
(0.25, -0.5, -0.5) 2916 2719 6.94e-002 3.03e-005
(-1.76, -2.3, -2.3) 2187 1621 8.18e-002 9.92e-005

Table 8

Numerical evaluation of singular domain integrals with continuous kernel for linear slender pentahedral element.

Fig. 29. The Cartesian coordinate of source

point is (0.156, 0.156, 2.5).

Fig. 30. The Cartesian coordinate of source

point is (1.31, 0.31, 2.5).

Volume element type

Source point

The total number of the integration points

Relative error

CSM BTSM CSM BTSM
Linear slender (0.175, 0.13, 1.25) 3993 3206 2.91e-002 2.18e-004
pentahedral element (0.156, 0.156, 2.5) 3000 2835 7.31e-002 5.26e-004
(0.3125, 0.3125, 2.5) 3456 3119 6.19e-002 1.01e-005
(0.24, 0.325, 3.75) 3993 3541 5.01e-002 2.92e-005

27
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Numerical evaluation of singular domain integrals with continuous kernel for quadratic slender pentahedral element.

The total number of the integration points

Relative error

Volume element type Source point

CSM BTSM CSM BTSM
Quadratic slender (0.925, 0.13, 1.25) 3993 3267 2.69e-002 2.79e-004
pentahedral element (1.156, 0.156, 2.5) 3000 2523 6.27e-002 7.35e-005
(1.31, 0.31, 2.5) 2662 2686 7.20e-002 5.87e-004
(0.99, 0.325, 3.75) 3993 3169 5.22e-002 3.49e-005

IS i

Table 10

Fig. 31. The Cartesian coordinate of source
point is (0.9, 0.5, 2.5).

Fig. 32. The Cartesian coordinate of source
point is (-1.66, —2.16, 0.1).

Numerical evaluation of singular domain integrals with discontinuous kernel for linear slender hexahedral element.

The total number of the integration points

Relative error

Volume element type Source point

CSM BTSM CSM BTSM
Linear slender (0.975, 0.025, 0.125) 3072 2964 2.91e-001 6.40e-004
hexahedral element (0.9, 0.1, 1.875) 4374 3522 3.52e-002 6.35e-005
(0.9, 0.5, 2.5) 4374 3300 4.96e-002 6.64e-005
(0.75, 0.25, 2.5) 4374 3076 5.73e-002 5.47e-004
Table 11
Numerical evaluation of singular domain integrals with discontinuous kernel for quadratic slender hexahedral element.
The total number of the integration points Relative error
Volume element type Source point
CSM BTSM CSM BTSM
Quadratic slender (-2.43, -1.5, 0.025) 4374 4322 7.15e-002 2.12e-004
hexahedral element (-1.66, -2.16, 0.1) 3072 3016 1.73e-002 3.09e-005
(-1.04, -1.78, 0.1) 4374 4336 5.26e-002 3.25e-005
(-1.25, —2.14, 0.25) 4374 4094 6.25e-002 8.82e-005
— Fig. 33. The Cartesian coordinate of source
e | point is (-1.9, —2.05, —2.05).
e \
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6.3. Evaluation of singular domain integrals with discontinuous kernel

6.3.1. Slender hexahedral element

The element subdivision of linear and quadratic slender hexahedral
element with arbitrary locations of the source point is presented in
Figs. 31 and 32 for singular domain integrals with discontinuous kernel.
Numerical results in Tables 10 and 11 clearly show the high accuracy
of the BTSM compared to the CSM.

6.3.2. Slender tetrahedral element

The element subdivision of linear and quadratic slender tetrahedral
element with arbitrary locations of the source point is presented in
Figs. 33 and 34 for singular domain integrals with discontinuous kernel.

28

Numerical results in Tables 12 and 13 clearly show the high accuracy
of the BTSM compared to the CSM.

6.3.3. Slender pentahedral element

The element subdivision of linear and quadratic slender pentahe-
dral element with arbitrary locations of the source point is presented in
Figs. 35 and 36 for singular domain integrals with discontinuous kernel.
Numerical results in Tables 14 and 15 clearly show the high accuracy
of the BTSM compared to the CSM.

As is illustrated in Figs. 22-24, it is clearly seen that high-quality
patch generation for both linear and curved elements can be achieved in
a fully automated manner and the serendipity patches are well matched
to the characteristic boundary of sphere. Numerical results presented in
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Table 12

Numerical evaluation of singular domain integrals with discontinuous kernel for linear slender tetrahedral element.

Fig. 34. The Cartesian coordinate of source
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point is (-1.8, —2.4, —2.4).

Volume element type

Source point

The total number of the integration points

Relative error

CSM BTSM CSM BTSM
Linear slender (=24, -24, -2.4) 2048 1215 2.38e-001 5.08e-004
tetrahedral element (-0.5, -0.5, -0.5) 4000 3463 3.36e-002 3.25e-005
(-0.5, -0.25, -0.25) 4000 2850 2.71e-002 1.21e-004
(-1.9, -2.05, -2.05) 2048 1756 4.01e-001 2.09e-005
Table 13
Numerical evaluation of singular domain integrals with discontinuous kernel for quadratic slender tetrahedral element.
The total number of the integration points Relative error
Volume element type Source point
CSM BTSM CSM BTSM
Quadratic slender (-1.8, -2.4, -2.4) 2048 1218 3.07e-001 4.46e-004
tetrahedral element (0.25, -0.5, -0.5) 4000 3132 4.26e-002 5.40e-004
(0.14, -0.25, -0.25) 4000 3557 1.70e-002 2.45e-004
(-1.06, —2.05, -2.05) 2048 1854 2.93e-001 7.57e-004

Table 14
Numerical evaluation of singular domain integrals with discontinuous kernel for linear slender pentahedral element.

Fig. 35. The Cartesian coordinate of source

point is (0.043, 0.35, 1.25).

Fig. 36. The Cartesian coordinate of source

point is (0.75, 0.8, 3.75).

Volume element type

Source point

The total number of the integration points

Relative error

CSM BTSM CSM BTSM
Linear slender (0.013, 0.24, 0.125) 3000 2888 2.41e-001 4.96e-005
pentahedral element (0.043, 0.35, 1.25) 3000 2892 2.54e-001 7.30e-007
(0.406, 0.243, 3.75) 3000 2882 2.97e-002 3.83e-006
(0.0, 0.81, 3.75) 2197 2182 3.15e-002 1.41e-005

Table 15

Numerical evaluation of singular domain integrals with discontinuous kernel for quadratic slender pentahedral element.

Volume element type

Source point

The total number of the integration points

Relative error

CSM BTSM CSM BTSM
Quadratic slender (0.11, 0.24, 0.125) 3000 2541 3.24e-001 1.31e-004
pentahedral element (0.8, 0.35, 1.25) 2187 1847 4.92e-001 1.29e-004
(1.156, 0.24, 3.75) 3000 2935 2.88e-002 7.43e-007
(0.75, 0.8, 3.75) 3375 3004 9.79e-003 5.46e-007
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Tables 1-3 are evaluated with the increasing number of the integration
points, which verify that the BTSM has higher accuracy and better con-
vergence than the CSM. Obviously, it can be observed from Figs. 25-36
that the BTSM is applicable to evaluate singular domain integrals with
continuous or discontinuous kernels. Even with the distorted elements,
the accuracy and convergence of the BTSM is still acceptable, which fur-
ther demonstrates the validity of the proposed method. Numerical re-
sults presented in Tables 4-15 also demonstrate that the BTSM is reliable
and stable for the volume integrals of different types of elements with
arbitrary locations of the source point. It is appealing that the BTSM for
singular domain integrals exhibits high accuracy and excellent robust-
ness behavior.

7. Conclusions and future work

A new element subdivision method based on the binary tree for eval-
uation of singular domain integrals is presented. One of the main diffi-
culties encountered in evaluation of volume integrals with discontinu-
ous kernel, we introduce the BTSM for different types of element subdi-
vision. The BTSM is applicable to linear and curved volume elements of
arbitrary shape and high-quality patch generation can be achieved in a
fully automated manner. Besides, a new type of face-tree data structure
and several adaptive refinement techniques are added in this paper. For
curved boundary matching, an improved general projection algorithm
based on Newton iteration also has been proposed. With the distinct
feature that the single binary-tree data structure can efficiently handle
volume element subdivision, the BTSM is flexible and convenient to be
applied in the BEM implementation.

Numerical results are presented for different types of volume ele-
ments comparing the CSM and the BTSM. The BTSM exhibits high ac-
curacy and excellent robustness behavior. Compared to the CSM, sig-
nificantly better accuracy can be achieved by the BTSM for singular
domain integrals. Recently, in the efforts to improve the performance of
the volume integrals, the spline rules for integration were coupled suc-
cessfully to BEM and have been achieved remarkable progress. Based
on the prominent properties of the spline rules for integration [30], fur-
ther research work is in process by our team, which will substantially
relieve the burden of the integration with extensive unnecessary inte-
gration points. In future work, we also plan on developing the BTSM
to evaluate the volume integrals with kernels which contain multiple
discontinuous points.
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